ON A CLASS OF NEARLY BINARY MATROIDS 



JAMES OXLEY AND JESSE TAYLOR 

Abstract. We give an excluded-minor characterization for the class of 
matroids M in which M\e or M/e is binary for all e in E{M). This 
class is closely related to the class of matroids in which every member is 
binary or can be obtained from a binary matroid by relaxing a circuit- 
hyperplane. We also provide an excluded-minor characterization for the 
second class. 



1. Introduction 

In this paper, we consider a class of matroids that are close to being bi- 
nary. Specifically, we consider the class Z of matroids M such that M\e 
or M/e is binary for all e in E(M). The main result is an excluded-minor 
characterization of Z. Except where otherwise noted the notation and ter- 
minology follow [8j. 

It is well known that if H is a circuit and a hyperplane of a matroid M, 
then there is another matroid M 1 on E(M) whose bases are the bases of 
M together with H. We say that M 1 is obtained from M by relaxing the 
circuit-hyperplane H and call M' a relaxation of M. A class of matroids 
that arises naturally in determining the excluded minors for Z is 1Z, those 
matroids M such that M is binary or M is a relaxation of a binary matroid. 

The rank-three whirl is denoted by W 3 , while Pq is the six-element rank- 
three matroid that has a single triangle as its only non-spanning circuit. Let 
Qs and Re be the six-element matroids of rank three for which geometric 
representations are given in Figure [TJ Evidently R 6 9* U 2 ,4 02 U 2 ,4- Let K 
be the seven-element rank-two matroid that is obtained by adding elements 
in parallel to three of the elements of t/2,4- The matroid K is depicted with 
its dual in Figure [2} In Section [2j we prove that Z and 1Z are minor-closed 
classes of matroids and establish some excluded minors of each. We also 
introduce Cunningham and Edmonds's canonical tree decomposition of a 
2-connected matroid, along with some preliminaries. 

Let N be a matroid. A matroid M is N -fragile if, for each element e of 
E(M), at least one of M\e and M/e has no iV-minor (see, for example, [1]). 
The class of A^-fragile matroids is clearly minor-closed. The main result of 
this paper determines the set of excluded minors for the class of [/2,4-fragile 
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matroids. Section [3] is devoted to proving this result and another related 
result, both of which are stated below. 




Re, 



Figure 1. Geometric representations of the six-element 
rank-three matroids Qq and Rq. 




Figure 2. Representations of the matroid K and its (rank- 
5) dual K*. 

Theorem 1.1. The set of excluded minors for the class of matroids M 
such that M\e or M/e is binary for all e in E{M) is {Qq, Pq, U^q, Rq, 
^2,4 © Ui x, Uia © t^o.i} together with all matroids that are obtained from 
connected binary matroids by relaxing two disjoint circuit-hyperplanes that 
partition the ground set. 

Theorem 1.2. The set of excluded minors for the class of matroids in which 
every member is binary or can be obtained from a binary matroid by relaxing 
a circuit-hyperplane is {t/2,5, U^^, K, K* , Rq, Uia © t/2,4 © C^o,i} 

together with all matroids that are obtained from connected binary matroids 
by relaxing two disjoint circuit-hyperplanes that partition the ground set. 

Let T> denote the collection of all matroids that are obtained from con- 
nected binary matroids by relaxing two disjoint circuit-hyperplanes that 
partition the ground set. For an even integer r exceeding two, let M r be 
the rank-r tipless binary spike, that is, the vector matroid of the binary ma- 
trix [I r \ J r — I r ] where J r is the matrix of all ones. Labeling the columns of 
this matrix e±, e2, • • • , C2 T in order, we see that {e2, e%, . . . , e r , e T+ \} and its 
complement are both circuit-hyperplanes of M r . By relaxing these circuit- 
hyperplanes, we obtain a member of T>. Thus the sets of excluded minors 



in Theorems 1.1 and 1.2 are both infinite. However, these doubly relaxed 
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spikes are not the only members of T>. In Section [4j we will further discuss 
the complexity of T>. 

2. Preliminaries 

This section will first note that both Z and 1Z are minor-closed, and will 
then determine some excluded minors for each class. 

Lemma 2.1. The classes Z and 1Z are both closed under duality and the 
taking of minors. 

This lemma is a straightforward consequence of the following result of 
Kahn g] (see also p. 115]). 

Lemma 2.2. Let X be a circuit-hyperplane of a matroid M , and let M' be 
the matroid obtained from M by relaxing X . Then (M 1 )* is obtained from 
M* by relaxing the circuit-hyperplane E{M) — X of the latter. Moreover, 
when e £ E(M) - X and f £ X , 

(i) M/e=M' /e and, unless M has e as a coloop, M'\e is obtained from 
M\e by relaxing the circuit-hyperplane X of the latter; and 

(ii) M\f =M'\f and, unless M has f as a loop, M'/f is obtained from 
M/f by relaxing the circuit-hyperplane X — f of the latter. 

It is not difficult to deduce from the following result of Oxley |7J that 
the class 1Z is contained in the class Z. We say a matroid N is a series 
extension of a matroid M if M = N/T and every element of T is in series 
with some element of M. We call TV a parallel extension of M if N* is a 
series extension of M* . Note that this differs from the terminology used in 

Theorem 2.3. The following two statements are equivalent for a matroid 
M. 

(i) M is non-binary and, for every element e, at least one of M\e and 
M/e is binary. 

(ii) (a) Both r(M) and r*(M) exceed two and M can be obtained from 

a connected binary matroid by relaxing a circuit-hyperplane; or 

(b) M is isomorphic to a parallel extension of XJ2,n for some 
n > 5; or 

(c) M is isomorphic to a series extension of U n -2 t n for some 
n > 5; or 

(d) M can be obtained from by series extension of a subset S of 
E{U2,a) and parallel extension of a disjoint subset T of E(U2,n) 
where S or T may be empty. 

Some excluded minors for Z and 1Z are easy to identify. We omit the 
routine argument that establishes the following. 

Lemma 2.4. The matroids t/2,4 ® Ux t i, t/2,4 © £^0,1 > and Rq are excluded 
minors for both Z and TZ. 
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The following result from [3] will also be useful in identifying some ex- 
cluded minors. 

Lemma 2.5. Let M' be obtained from M by relaxing the circuit-hyperplane 
X. 

(i) If M is connected, then M' is non-binary; and 

(ii) if M is n-connected, then so is M' . 

Let T> denote the collection of all matroids that are obtained from con- 
nected binary matroids by relaxing two disjoint circuit-hyperplanes that 
partition the ground set. 

Lemma 2.6. All matroids in the collection T> are in both EX{Z) and 
EX(K). 

Proof. Take a matroid M<± in T>. Then Mi can be obtained from a connected 
binary matroid M by relaxing two disjoint circuit-hyperplanes X and Y of 
M that partition E(M). Note that because X and Y partition E{M) and 
E(M) is connected, M cannot have any circuits or cocircuits with fewer 
than four elements. Let Mx and My denote the matroids obtained from M 
by relaxing X and Y, respectively, and take e in E{M2). 



Suppose e£l. By Lemma 2.2 M^je, is obtained from My/e by relaxing 



the circuit-hyperplane X — e of the latter, and My / e=M / e. If M/e is 



connected, then M2/e is non-binary by Lemma 2.5 Now assume M/e is 
disconnected. Then M/e has at least two non-empty components, C\ and 
Ci. As Y is a spanning circuit in M/e, the last matroid has at least one 
component of rank zero, that is, M/e has a loop. But this contradicts the 
fact that all circuits of M have size at least four. We conclude that M2/e is 
non-binary. 



By Lemma 2.2 again, M2\e=My\e, and this matroid is obtained from 
M\e by relaxing the circuit-hyperplane Y of the latter. Now M\e is con- 
nected by the dual of the argument above. Hence M2\e is non-binary by 



Lemma 2.5 The same arguments work for / £ Y by replacing My with 
Mx- Thus M2 is not in Z and hence is not in 1Z. 

As we saw above, any deletion M2\z equals My\z or Mx\z, depending on 
whether z is in X or Y. Both My\z, when z G X , and Mx\z, when z £Y, 
can be obtained by relaxing a circuit-hyperplane in a binary matroid. By 
duality, any single-element contraction of M2 can be obtained by relaxing a 
circuit-hyperplane in a binary matroid. Therefore any minor of M2 is in 7Z, 
and so is in Z. Thus M2 is in EX(TZ) and in EX{Z). □ 



The next two lemmas list some matroids that are excluded minors for 
exactly one of 1Z and Z. Their routine proofs are omitted. 

Lemma 2.7. The matroids f/2,5, U3 5, K, and K* are excluded minors for 
the class 1Z. 
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Lemma 2.8. The matroids Qq, Pq, and Uz,& are excluded minors for the 
class Z. 

A class M of matroids is 1-rounded if every member of M is connected 
and, whenever e is an element of a connected matroid M having an AA-minor, 
M has an AA- minor using e. 

Next we introduce Cunningham and Edmonds's tree decomposition for 
connected matroids that are not 3-connected [2]. Our treatment of this 
material will follow [H pp. 307-310]. A matroid-labeled tree is a tree T with 
vertex set {Mi, M2, . . ., M k } for some positive integer k such that 

(i) each Mi is a matroid; 

(ii) if Mj 1 and Mj 2 are joined by an edge of T, then E(Mj 1 ) n 
E(Mj 2 )={ei}, and {e.;} is not a separator of Mj 1 or Mj 2 ; and 

(iii) if Mj 1 and Mj 2 are non-adjacent, then E(Mj 1 ) n E(Mj 2 ) is empty. 

Let e be an edge of a matroid-labeled tree T and suppose e joins vertices 
labeled by Mi and M2 . Suppose that we contract e and relabel by Mi ©2 M2 
the composite vertex that results by identifying the endpoints of e. Then we 
retain a matroid-labeled tree and we denote this tree by T/e. This process 
can be repeated and since the operation of 2-sum is associative, for every 
subset {e^, ej 2 , . . . , e« m } of E(T), the matroid-labeled tree T/a 1: ei 2 , . . . , ej m 
is well-defined. 

A tree decomposition of a 2-connected matroid M is a matroid-labeled 
tree T such that if V(T)={Mt, M 2 , . . ., M k } and E(T)={e u e 2 , • . ., e fc _i}, 
then 

(i) E(M)=(E(M 1 ) U E(M 2 ) U . . . U E{M k )) - {e u e 2 , . . . , e fc _i}; 

(ii) |£^(Mj)| > 3 for all i unless |i?(M)| < 3, in which case k=l and 
Mi=M; and 

(iii) M is the matroid that labels the single vertex of T/ei, e 2 , • • • , e k -\- 

In general, a tree decomposition of a matroid is not unique. However, 
Cunningham and Edmonds were able to guarantee uniqueness of the canon- 
ical tree decomposition described in the following theorem from [2] . 

Theorem 2.9. Let M be a 2-connected matroid. Then M has a tree de- 
composition T in which every vertex is labeled by a 3-connected matroid, a 
circuit, or a cocircuit, and there are no two adjacent vertices that are both 
labeled by circuits or are both labeled by cocircuits. Moreover, T is unique 
to within a relabeling of its edges. 

The canonical tree decomposition provides a unique way to break up a 
2-connected matroid M into 3-connected pieces, circuits, and cocircuits. 
Moreover, we can reconstruct M from these pieces using the 2-sum opera- 
tion with the common elements between matroids as basepoints. A basic 
property of the 2-sum operation is that Mi and M2 are isomorphic to mi- 
nors of Mi ©2 M2. The following result is well known; its routine proof is 
omitted. 
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Lemma 2.10. Let M± and M2 label vertices in a tree decomposition T of a 
connected matroid M . Let P be the path in T joining Mi and M2 and let p\ 
and P2 be the edges of P meeting M\ and M2 respectively. Then M has as 
a minor the 2-sum of Mi and M% with respect to the basepoints p% and p2- 



3. Main Result 

In this section we prove the main results of the paper, Theorem 1 1 . 1 1 and 



Theorem 1.2 We begin by finding all the disconnected excluded minors of 
each class. Due to the similarity of the proofs for each class, we will combine 
the arguments where possible. 

Lemma 3.1. Suppose U G {Z,1Z}. The only disconnected members of 
EXiU) are U 2 ,4 © ^1,1 and U 2 ,a © ^0,1 • 



Proof. By Lemma 2.4 both U 2 ,a © f/i,i and U 2 ,4 © i/o,i are in EX(U). Now 
let M be an arbitrary disconnected member of EX{IA). As M is non-binary 
and disconnected, it has distinct components M\ and M2 where M\ is non- 
binary. Since M\ has a L^-minor and M2 has a Uq 1- or U\ i-minor, the 
lemma follows. □ 



The following result [6] will be useful in our proofs. 

Theorem 3.2. Let M be a 3- connected matroid having rank and corank 
exceeding two. 

(i) If M is binary, then M has an M(K4)-minor. 

(ii) If M is non-binary, then M has one 0/W 3 , Qq, P%, and as a 
minor. 

Let B be a basis of a matroid M. For e E E{M) — B, we denote by 
Cm(z,B) the fundamental circuit of e with respect to B, that is, the unique 
circuit contained in B U e. Before finding the complete list of 2-connected 
excluded minors, we will need the following lemmas. The first lemma comes 
from [8, Section 1.5, Exercise 14]; its proof is omitted. 

Lemma 3.3. The following statements are equivalent for a matroid M. 

(a) M is a relaxation of some matroid. 

(b) M has a basis B such that Cm(&, B)=BL)e for every e in E{M) — B 
and neither B nor E(M) — B is empty. 

Lemma 3.4. Let M be a matroid that can be obtained from a binary matroid 
N by relaxing a circuit-hyperplane X of the latter. If M contains a W k - 
minor for some k > 3, then, in every W k -minor of M, the rim elements are 
contained in X and no element of X is a spoke. 

Proof. Let Mi be a W fc -minor of M. If e is in the rim of Mi, then M\je 
is non-binary. But, for all / in E(M) — X, by Lemma |2.2| M/f is binary. 
Therefore e ^ E{M) — X, so e £ X. Now let s be a spoke of M\ and t be 
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an adjacent rim element. Then M x /t\s = W^ 1 . Thus Mi\s is non-binary, 
so s^X. □ 

Lemma 3.5. Let M be a connected non-binary matroid. Either M has an 
R&'i ^2,4©^o,i-j or 1/2,4® Ui t i-minor, or M is obtained from a 3- connected 
non-binary matroid Mq by parallel extension of some subsetT of E(Mq) and 
series extension of a disjoint subset S of E{Mq), where both S and T are 
possibly empty. 

Proof. Consider the canonical tree decomposition T of M. As M is non- 
binary, there must a non-binary matroid Mq labeling a vertex in the tree 
decomposition. Assume there is another vertex labeled by a non-binary 



matroid M\. Then, by Lemma 2.10 we see that M has an Mo©2-^i-minor. 
Let p\ be the basepoint of this 2-sum. Each of Mq and M\ is a connected 
non-binary matroid. Thus each has C/2,4 as a minor. Since {1/2,4} is 1- 
rounded [lj, each of Mq and M\ has a [/2,4-rnmor using p\. Thus M has a 
^2,4 ©2 t^2,4-minor. But C/2,4 ©2 £^2,4 — Re, so the lemma holds when Mi 
exists. 

We may now assume that Mq is the unique non-binary matroid labeling 
a vertex of T. Suppose there is a vertex labeled by a 3-connected binary 



matroid M2 with at least four elements. Then, by Lemma 2.10, we see that 



M has an Mq ©2 M2-minor. Now Mq has a L^-minor, and, as M2 is 3- 



connected and binary, Lemma 3.2 tells us that M2 has an M(i^4)-minor. Let 
P2 be the basepoint of Mq ©2 M2. As above, Mq has a [/2,4-minor using p2- 
Since {M{K^), 1/2,4} is 1-rounded [11], M2 has an M(i^4)-minor using p2- 
Thus M has a 1/2,4 ©2 M(i^4)-minor and therefore has a t/2,4 © f/i i-minor. 
Hence the lemma holds when M2 exists. 

We may now assume all the vertices in the tree decomposition other than 
the one labeled by Mq are labeled by circuits or cocircuits. Suppose we have 
a path in our tree decomposition beginning at Mq that has the form Mq — 
circuit — cocircuit. Then M has a U24 © £/o,i-minor. By duality, if we have a 
path of the form Mq — cocircuit — circuit, then M has a U2 4©C^i i-minor. As 
the lemma holds in these cases, we may assume the only non-trivial paths 
beginning at Mq in the tree decomposition are of the form Mq — circuit, or 
Mq — cocircuit. In other words, M is obtained from Mq by parallel extension 
of a subset of E(Mq) and series extension of a disjoint subset of E(Mq). □ 

Recall that the matroid K is the matroid obtained from C/2,4 by adding 
elements in parallel to three of its elements. 

Lemma 3.6. The matroid Re is the only connected, but not 3-connected, 
member of EX (Z). The connected, but not 3-connected, members of EX (TZ) 
are Rr, K, and K* . 



Proof. Suppose U € {Z,7Z}. By Lemmas 2.4 and 2.7, Rq is in EXiU) and 
K and K* are in EX(TZ). Let M be a 2-connected member of EX{Vi) that is 
not 3-connected and is not isomorphic to Rq, K, or K* . By Lemma |3.5[ M 
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is obtained from a 3-connected non-binary matroid M> by parallel extension 
of a subset T of E{Mq) and series extension of a disjoint subset S of E(Mq) 
where 5 U T ± 0. 

If Mq = £/24, we will consider the cases W=iJ and U=1Z separately. If 



U=Z, then M is in as it satisfies (ii) (d.) in Theorem 2.3 a contradiction. 
Now let U=1Z. As M has neither K nor if* as a minor, both 5 and T have 
size less than three. By duality, we may assume that < \T\ < \S\ < 2. 
In each case, M can be realized as a relaxation of a binary matroid. For 
example, when \S\ = \T\ = 2, we can obtain M by relaxing the circuit- 
hyperplane in M(G) where G is obtained from if2,3 by adding edges in 
parallel to each edge meeting some fixed degree-2 vertex. The other cases 
can be checked similarly. We deduce that M £U, a contradiction. 

We may now assume \E(Mq)\ > 5, and consider IA 6 {Z, 1Z}. By switching 
to the dual if necessary, we may also assume that M has at least one non- 
trivial parallel class. Let {x, y} be in that class. 

3.6.1. M\x can be obtained from a binary matroid by relaxing a circuit- 
hyperplane. 

Proof. We know M\x is in U. Thus it satisfies one of (ii)(b)-(ii)(d) in 



Theorem 2.3 Assume M\x satisfies (ii)(b). Then M\x is isomorphic to 
a parallel extension of U2, n , for some n > 5. Hence M is also a parallel 
extension of this matroid. Thus M 6 Z so we may assume U=1Z. But M 



has a [/2,5-minor, a contradiction to Lemma 2.7 Next assume that M\x 
satisfies (ii)(c). Then M\x is isomorphic to a series extension of C/ n _2, n for 
some n > 5, and M is a parallel extension of this series extension. Then 
M\x, and hence M, has a C/2,4® t/o^i-minor, a contradiction. Lastly, assume 
M\x satisfies (ii)(d). Then M\x is obtained from C/2,4 by series extension 
of a subset 5* of E(U2^) and parallel extension of a disjoint subset T of 
E(U 2 ,i). Let [/ = £(T/2,4) — S — T. Recall that is a circuit of M. If 

y is in a non-trivial series class of M\x, then M has a J72,4 ffi C/o,i-minor, a 
contradiction. Thus y E T U U. Therefore M satisfies (ii)(d), so M £ 2, 
Hence we assume U=1Z. As M has neither if nor K* as a minor, l^l < 3 
and \T U y| < 3. As noted above, in these cases, M can be realized as a 
relaxation of a binary matroid. □ 



It is not hard to check that if r(Mo) = 2, then either M G U, or M 
contains an excluded minor. Thus we may assume r(Mo) > 3, and, by 
duality, r*(Mo) > 3. As Mo is non-binary and 3-connected, and all of Pq, 
Qq, and ?73 5 6 are either in EX(U) or contain members of EX(U), Theorem 



3.2 



implies that Mo contains a W 3 -minor. By 3.6.1 M\x is a relaxation of 
a binary matroid N. Thus iV has a circuit-hyperplane B such that relaxing 
B produces M\x. If y ^ B and Ni is obtained from by adding x back in 
parallel to y, then B is a circuit-hyperplane of N\ whose relaxation is M, a 
contradiction. 
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We may now assume y £ B. Recall Mo has a W 3 -minor, and no Pq-, Qq-, 
or [/3,6-minor. As {W 3 , i-fej Qs, ^3,6} is 1-rounded [5], Mq has a W 3 -minor 



My using y. By Lemma 3.4, we know that y is a rim element of M y . This 
implies that M has a W 3 -minor in which one of the rim elements is replaced 
by the parallel class containing {x, y}. This is a contradiction since it implies 
M has a C/2,4 © f7o,i-minor. □ 

In finding the complete list of 3-connected excluded minors for each class, 
we will use the following lemmas, the second of which is from [7]. 

Lemma 3.7. Let a matroid M be obtained from a matroid N by relaxing a 
circuit-hyperplane C. If M is 3-connected, then either N is 3-connected, or 
N has a unique 2-separation (C , E{N) — C). 

Proof. Assume N has a 2-separation (X,Y) that is not (C, E(N) — C). 
As M is obtained by relaxing C in N, for every subset S of E(N) other 
than C, we have r]y(S)=rM(S)- Thus r]y(X)=rM(X) and rj^(Y)=rM(Y). 
As relaxing a circuit-hyperplane does not change the rank of the matroid, 
(X, Y) is a 2-separation in M, a contradiction. □ 

Lemma 3.8. Let M be a non-binary matroid such that, for some element 
e, both M/e and M\e are binary. Then M is obtained from a A-point line 
having ground set {e, e±,e2, e^} by a sequence of at most three 2-sums where 
the basepoints of these 2-sums are e\, e%, and e^, the other part of each 
2-sum is binary, and each of e\, e2, and ej, is the basepoint of at most one 
of these 2-sums. 

Lemma 3.9. Let M be a matroid obtained from U2, n or U n -2. n , f or some 
n > 4, by a single- element extension or a single- element coextension. Then 
either M does not have a W 3 -minor, or M has a Q^-minor. 

Proof. Assume M is obtained from U2, n by a single-element extension. Then 
M has no W 3 -minor, as r(M) = 2. Now assume M is obtained from U2, n 
via coextension by a single element y. Assume M has a W -minor N. As 
U2 n has no parallel elements, y is not in any dependent rank-2 flats of M. 
Thus M has a free extension of W 3 as a minor. Hence M has a Q6-minor. 
The result follows by duality. □ 

Lemma 3.10. Let the matroid N 1 be obtained from the matroid N by re- 
laxing a circuit-hyperplane X of the latter. If N is non-binary, then so is 
N'. 



Proof. Assume N' is binary. Then, by Lemma 2.5 iV must have at least two 
connected components including at least one, say Ni, that is non-binary. As 
r (A^i) > 2, and X is a circuit-hyperplane, we know X C E(N\). Thus 
has no loops, so N = Ni © N2 where r(AT 2 ) = 1. Let {e} be a basis of N2. 
Let Ni/I\I* = f/2,4, where I and I* are independent and coindependent in 
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N. Then / is also independent in A' . Thus, N' /I/e has rank two with at 
least four rank-one flats, so A' has a £/2,4-minor, a contradiction. □ 

Lemma 3.11. If a matroid N 1 is 3-connected and is obtained from a non- 
binary matroid A by relaxing a circuit-hyperplane X , then 

(i) A' has a J7 3j6 -, P&-, Qq-, Rq-, ^2,4©^o,i- ; or J7 2) 4 © U^i-minor; or 

(ii) N' has a matroid in the class T> as a minor; or 

(iii) A' is isomorphic to L^n or U n -2,n for some n > 5. 

Proof. As A is non-binary and has a circuit-hyperplane, \E(N)\ > 5. If 
\E(N)\ = 5, then either A is C/2,4 ©2 ^i,3j in which case A' is f/2,5, or A is 
^2,4 ©2 ^2,3) in which case A' is £^5. Now assume that the result holds for 
\E(N)\ = k, and consider the case where \E(N)\ = k + 1 > 6. 

Suppose A has an element e such that A\e and N/e are both binary. 



Then, by Lemma 3.8, A is obtained from C/2,4, where E(U2^)={e, e\, e2, 63}, 
by a sequence of at most three 2-sums where the basepoints are e±, e2, and 
e3, the other part of each 2-sum is binary, and each of e\, C2, and e^ is the 



basepoint of at most one 2-sum. As N is 3-connected, by Lemma 3.7, N 
has only one 2-separation, and the circuit-hyperplane X must be one part of 
this 2-separation. Without loss of generality, assume that the basepoint of 
the corresponding 2-sum is e^, and let L denote the binary matroid being 2- 
summed with C/2,4- Assume X={e, e±, e2}. Then r({e, e±, e%})=r(N) — 1=2, 
so r(L) = 2. As A is non-binary, L must have at least three rank-one flats. 
But, as L is binary, it cannot have four such flats. Since \E(N)\ > 6, the 
matroid L is a parallel extension of C/ 2 ,3- Therefore N' is a parallel extension 
of £73,5, so N' contains a 1/2,4, © £/o,i-minor. 

We may now assume that A=L\e3. Consider A*. The set {e, ei,e2} is 
a circuit-hyperplane in A* whose relaxation produces (A')*. Thus, by the 
argument above, (A')* has a f7 2i 4 © L^i-minor. Hence A' has a C/ 2j 4 © f/i,i- 
minor. Therefore we may assume that, for every e 6 E(N), at least one of 
A\e and A/e is non-binary. 



Assume A/e is non-binary for some e G X. By Lemma 2.2 A'/e is 
obtained from A/e by relaxing X — e. Suppose A'/e is 3-connected. Then, 
by our induction hypothesis, either A'/e has one of the specified minors, so 
A' also does; or A'/e is isomorphic to U2, n or U n -2,n- In the latter case, as 
A' is 3-connected, either A' = U n ~i, n +i and the lemma holds, or both the 



rank and corank of A' are at least three. As A' is non-binary, Theorem 3.2 
implies that A' must contain a W 3 -, Qe-, or [/3^-minor. By Lemma 3.9 
the only way we can coextend \J2,n to get a matroid with a W 3 -minor gives 
us a matroid that has a Q§-v[imor, so we are done. Thus we may assume that 
A'/e is not 3-connected. As A' is 3-connected, A'/e must be connected. 



Furthermore, by Lemma 3.10, since A/e is non-binary, so is A'/e. 

By Lemma 3.5, either A'/e has an C/2,4©^o,i-> or C/2,4 © LA^-minor, 
or A'/e can be obtained from a 3-connected non-binary matroid Mq by 
parallel extension of a subset of E(Mq), and series extension of a disjoint 
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subset of E(Mq). In the first case, the lemma holds. Thus we can assume 
the second case holds. As N' is 3-connected, N'/e cannot have any elements 
in series. Since N'/e is not 3-connected, it must have parallel elements. By 
the 1-roundedness of {C/2,4}, we know N'/e has a C/2,4 ©2 f/i,3-minor. As N' 
is 3-connected, when we coextend N'/e by e, we must destroy the non-trivial 
parallel classes in N'/e. Thus N' has at least one dependent flat of rank 
two. It is not hard to check that each coextension of t/2,4 ©2 ^1,3 that has 
no parallel elements has a C/2,4 © f 1,1-, Q&-, P&-, or i?6-minor. 

By duality, the required result holds if N\f is non-binary for some / in 
E(N) — X. We may now assume, since N has no element z such that N\z 
and N/z are both binary, that X = {e : N/e is binary} and E(N) — X = 
{/ : N\f is binary}. By Theorem |2.3[ we deduce that one of (ii) (a)-(ii) (d) 
holds. 

If N satisfies (ii)(b), then one parallel class must have size two to ensure N 
has a circuit-hyperplane. The other parallel classes must be trivial, otherwise 
N' would not be 3-connected. Thus N' = C^n+i, where A is a parallel 
extension of £/2, n - By duality, if N satisfies (ii) (c) , then N' = U n -i jn+ i. 
If N satisfies (ii)(a), then N can be obtained from some binary matroid 
M by relaxing a circuit-hyperplane Y in M. This gives us two partitions 
of the ground set, (X,E(N) - X) and (Y,E(N) - Y). For all e G Y, we 



know N\e is binary, by Lemma 2.2 Therefore Y C E(N) — X . Similarly, 
for all e G E(N) — Y, the matroid N/e is binary, hence E(N) — Y C X. 
Thus X = E(N) - Y and E(N) - X = Y. Hence N' is obtained from the 
connected binary matroid M by relaxing the two disjoint circuit-hyperplanes 
X and Y. Therefore N' is in D. 

Finally, assume N satisfies (ii)(d). Then N can be obtained from U~2,4 
by series extension of a subset S of E(U2,a) and parallel extension of a 
disjoint subset T of E(U2,4), where S or T may be empty. As N' is 3- 
connected, \S\ + \T\ < 1 by Lemma 3.7 It follows easily that |^(A')| < 5; 
a contradiction. □ 



Lemma 3.12. The complete list of 3-connected members of EX(Z) is Qq, 
Pq, U^fi, and the matroids in D. The complete list of 3-connected members 
of EX(1Z) is ^2,5, ^3,5; and the matroids in V 

Proof. Suppose U G {Z,1Z}. Let M be a 3-connected excluded minor of U 
that is not isomorphic to Qq, Pq, U^fi, 1/2,5, ^3,5) or any of the matroids 
in T>. Either M is a relaxation of a non-binary matroid, or M is not a 



relaxation of any matroid at all. In the first case, by Lemma 3.11, M has 
a minor isomorphic to Qe, Pq, U^fi, Rq, C/2,4 © ^0,1) ^2,4 © £^1,1, or some 
matroid in D; or M is isomorphic to U2 t n or U n -2,n for some n > 5. All of 
these provide contradictions, so we may assume that M cannot be realized 
as a relaxation. 

Clearly we may assume r(M) > 3 and r*(M) > 3. Thus M must contain 
one of W 3 , Qq, Pe, and U^e as a minor, by Theorem 3.2 As all of these 
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except W 3 contain excluded minors of U, we know that M has a W 3 -minor. 
Let W fc be the largest whirl-minor of M . By Seymour's Splitter Theorem, 
we may grow from W fc by single-element extensions and single-element co- 
extensions, staying 3-connected, until we reach M. Let x be the last element 
added in this way. By duality, we may assume that x is added via exten- 
sion. Thus M\x is a non-binary 3-connected member of U. If U=1Z, then 
M\x is a relaxation of a binary matroid. If U=Z, then M\x satisfies one 



of (ii)(a)-(ii)(d) in Theorem 2.3 As M\x is 3-connected, it cannot satisfy 
(ii)(b)-(ii)(d). Hence, in both cases, M\x is a relaxation of a binary matroid 

Let B be the special basis in M\x that is a circuit-hyperplane in N\ . For 
all e G E(M\x) — B, the set B U e is a circuit in M\x. Now B is also a 
basis of M, and fiUeisa circuit of M for all e G £(M) -(BUx). If BUx 
is a circuit of M, then M can be realized as a relaxation of some matroid 



by Lemma 3.3 a contradiction. Thus Cm(x,B) ^ BL)x. Therefore there is 



some y G B such that y ^ Cm(x,B). Now, by Lemma 2.2 M\x/y can be 
obtained by relaxing the circuit-hyperplane B — y in N\x/y. 

Assume that M\x/y is binary. As M\x/y is obtained by relaxing the 
circuit-hyperplane -B— y in the binary matroid N\x/y, it follows that M\x/y 
can be obtained from a circuit C by adding some, possibly empty, set of 
elements in parallel with some element z of C where C — z = B — y (see, 
for example, O p.386]). As M\x is 3-connected, it has no non-trivial series 
classes. Hence \C — z\ = 1, so r(M\x/y) = 1; a contradiction. Therefore we 
know that M\x/y must be non-binary. Thus M/y is also non-binary. Here 
we consider the cases U=Z and U=1Z separately. Our goal in each case is 
to show the following. 

3.12.1. M/y can be obtained from a binary matroid via relaxation. 

Proof. This is certainly true \flA=lZ. Now assume U=Z. Then M/y satisfies 



one of (ii)(a)-(ii)(d) in Theorem 2.3 First note that M/y cannot satisfy 



(ii) (c) , because a connected single-element coextension of a series extension 
of U n -2, n has corank two, and so has no W 3 -minor. Assume M/y satisfies 
(ii)(b). Then M/y is a parallel extension of L^n for some n > 5, and r(M) = 
3. As M has a W 3 -minor, it is routine to check that we must coextend M/y 
by y in a way that creates a matroid having a minor isomorphic to Ui ^®U\ i, 
Qg, or Pq. We may now assume M/y satisfies (ii) (d) . As M is 3-connected, 
M cannot have any non-trivial series classes. It is routine to check that 
either M contains an excluded minor, or M can be realized as a relaxation 
of a binary matroid. □ 

We now revert to working in generality, where IA G {Z,7Z}. We know that 
M\x is obtained by relaxing a circuit-hyperplane B in a binary matroid N\, 
and M/y is obtained by relaxing a circuit-hyperplane B' in a binary matroid 
N2, where y G B. We show next that 

3.12.2. B'=B-y. 
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Proof. By Lemma 2.2 , M\x/y is obtained by relaxing the circuit-hyperplane 
B — y in N\/y. Consider (M\x/y)\e for e ^ B — y. Assume {M\x/y)\e is 
binary. Then, as (M\x/y)\e is a relaxation of a binary matroid, we know 
(M\x/y)\e = U t -i,t ©2 J7i,« for some t,v > 2. Now E(M\x/y\e) has a 
partition (S 1 , P) where 5 is the relaxed set B — y and P is its complement. 
Then S U y is the relaxed set of M\x, and P U e is the relaxed set of 
(M\x)*. As r M \ x (P U y) = 2, we know |P| < 2. Otherwise the matroid Ni 
would be non-binary. Similarly, r M\ x (SUe) = 2. Thus \S\ < 2. However, 

r(M\x) = \S U y\, and r*(M\x) = |P U e|. Thus, as M\x has a W fc -minor 
for some k > 3, we know |S* U y| = |P U e| = 3. Therefore, M\x has six 
elements, so M\x = W 3 . It is not hard to show that the only 3-connected 
single-element extension of W 3 that does not contain an excluded minor is 
the non-Fano matroid , depicted in Figure |3| Thus M must be Fj . But 
Fj is a relaxation of the Fano plane, which is binary, a contradiction. Thus 
we may assume (M\x/y)\e is non-binary for all e ^ B — y. Then, for all 



such e, the matroid M/y\e is also non-binary. By Lemma 2.2, for every 
e G B' , the matroid M/y\e is binary. Thus if e is not in B — y, then it is 
not in B' . Therefore, B' C B — y. As B — y and B' are both bases for M/y, 
the result holds. □ 

We have C M (e,B)=B U e for all e G E(M) - (B U x). We also know 
C M/y (e, B - y)=(B -y)Ue for all e G P(M) - B. Thus, since C M (x, B) / 
P U x, we have Cm{x, B)=(B — y) U x. We know that M\x has the basis B 
that results from relaxing a circuit-hyperplane in N\. As M\x has a W 3 - 
minor, but no Qq-, Pq, or ^^-minor, the 1-roundedness of {W 3 , ^*6) 
L^} implies that M\x has a W 3 -minor using y. By Lemma 3.4, as y is in 
P, it follows that this W 3 -minor has y as a rim element. Hence by adding x 
back, M has a single-element extension of W 3 as a minor. Let {61, 62, y} be 
the set of rim elements in W 3 . There are only two single-element extensions 
of W 3 that do not contain excluded minors. These are F^~ and a parallel 
extension of a spoke element of W 3 (see Figure [3]). But, in each of them, the 
set {b\, 62, x} should be a circuit because (P — y) U x is a circuit of M and 
the only elements of M\x that can be contracted to produce the W 3 -minor 
must belong to P. This contradiction completes the proof. □ 



Proofs of Theorems 1.1 and 1.2. These follow immediately by combining 



Lemmas 3.1, 3.6, and 3.12 □ 



4. The Complexity of V 

Jim Geelen asked (private communication) whether members of T> could 
contain arbitrarily large projective geometries. In this section, we observe 
that they can. Note that all sums in this section are modulo two. Let A 
be a k x (2 k — 1) matrix representing the rank-fc binary projective geometry 
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b 2 b 2 



Figure 3. Geometric representations of F 7 , and a parallel 
extension of a spoke element of W 3 . 
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Figure 4. The matrix Z. 

PG(fc -1,2), where k is odd. Let n = 2 k + fc + 1, let t = 2 k + k - 1, and 
consider the rank-ra binary matrix Z in Figure |4j 

Let z sc denote the entry in row s and column c of Z. Let ai=S"~^z s („ +1+i ) , 
for 1 < i < t. Let Pj=Z 2 c l~l 2 z jc for 1 < j < t, and let 7 = 1 + E*. =1 ^-. Let 

be the submatrix of Z whose columns are labeled by n + l, n + 2, 
2n. Then each column in Z' is contained in the hyperplane of PG{n — 1, 2) 
consisting of those vectors whose coordinates sum to zero. Moreover, no 
other column of Z is in this hyperplane. The definitions ensure that all 
the rows of Z 1 ', except possibly row n — 1, sum to zero. To see that row 
n — 1 also sums to zero, note that S* =1 /3j=S* =1 aj since both of these 
sums count the number of non-zero entries in the same submatrix. We 
know that ^c=n+2 z {n-i)c = ^ + Ef =1 (aj + 1)=1 + t + Ef =1 a;j. As t is even, 
1 + t + Ef =1 ai=l + E| =1 ai=l + £$=l& = 7- Thus {n + 1, n + 2, . . . , 2n} 
is a circuit-hyperplane of M[Z], and it is easy to see that its complement is 
as well. By relaxing both these circuit-hyperplanes, we get a member of T> 
that contains a PG(k — 1, 2)-minor. 
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